In this paper, we analyse a number of paradoxical teaching problems of classical electrodynamics, dealing with the relativistic transformation of force for complex macro systems, consisting of a number of subsystems with nonzero relative velocities such as electric circuits that change their shape in the course of time.
Introduction
Some time ago the first author published a paper [1] dealing with some paradoxical teaching problems of classical electrodynamics. A goal of that paper was to increase the interest of students and young physicists regarding in-depth study of classical physics. Positive responses to the paper stimulated our efforts for presentation of other apparent paradoxes of classical physics. Now we choose one of the problems of special relativity, which usually is not analysed in detail in standard textbooks: the relativistic transformation of force. We intend to show that application of this law, having a universal character in classical physics, sometimes leads to rather interesting physical situations, which, in particular, shed light upon a role of the so-called mechanical forces under spacetime transformations. What is more, sometimes it will seem that the Einstein relativity principle should be 'violated' under relativistic transformation of force, and we simultaneously demonstrate 'resourcefulness' of nature to prevent it. In order to maintain interest in the subject, we will not resolve some of the paradoxes in full, but further stimulate readers' thoughts on the problems formulated below.
Analysis of paradoxes described below will be simplified, if a reader remembers the section 'Theoretical background' of [1] , from which we reproduce two facts. The first of them is a transformation of the electromagnetic (EM) field between two inertial reference frames K and K , moving at a constant relative velocity v along the axis x [2] :
E y = γ (E y + vB z ), (1b)
B z = γ (B z + vE y /c 2 ).
Here γ = 1/ 1 − v 2 /c 2 , and E, B are the electric and magnetic fields, respectively. The second fact is the relativistic law of transformation of force [3] 
where v is the relative velocity of two inertial reference frames K in K , and u is the velocity of the particle in the frame K, which experiences the force F. One should emphasize that equation (2) is obtained as an inference of the transformation of spacetime and energymomentum 4-vectors, and thus it is applicable to any kind of interaction. In particular, the Lorentz force
(q being the charge of particle) also obeys transformation (2).
Transformation of force for complex macro systems
Let us introduce into consideration a macro system S, which consists of n > 1 subsystems moving with instantaneous velocities u i (i = 1, . . . , n) in an inertial reference frame of observation K. Each subsystem S i experiences the force F i (t), so that the total force F(t) acting on the whole system is determined as the vector sum of all F i (t). We want to find the total force F (t ) exerted on the system S in another inertial frame K , wherein the frame K is moving at a constant velocity v. A solution of this problem is based on application of equation (2) to each subsystem S i with further summation of all F i (t ) at a fixed time moment t . We have only to take into account that the fixed moment t corresponds, in general, to different time moments t i for spatially separated subsystems due to the relativity of simultaneity of events.
Then we obtain
where we tacitly adopted the size of each subsystem to be substantially less than the size of the whole system, r i is the radius-vector of subsystem i in the frame K, and the function t (t, r i ) has the form of Lorentz transformation:
Thus relativistic transformation of force for complex systems is multi-parametric and it depends on vectorial parameter v and n vectorial parameters u i . Such a transformation is not ordinary for relativistic physics, where the conventional rotation-free Lorentz transformation involves only one vectorial parameter, the relative velocity v. These circumstances make a general relativistic analysis of complex systems rather difficult. Such an analysis can be simplified in two limited cases: 1 − n is not too far from unity; 2 − n 1. The latter case is realized, for example, for dense plasma in an external EM field. The total force acting on the whole system is composed of the sum of EM forces experienced by each individual charged particle. Due to frequent collisions of particles this total force indeed reasonably describes the time evolution of the whole system. In this paper, we will not analyse these kinds of complex systems, we address the reader to [4] . We will focus our attention on macro systems, when n is comparable with unity. In this case, the statement that 'n subsystems S i compose the system S' usually implies a common restriction on degrees of freedom for each S i . In this section, we deal with the simplest representative of complex systems, where n = 2. We choose a laboratory frame K in such a way that one of the subsystems S 1 rests at the considered time moment t, and denote u as the momentary velocity of the second subsystem S 2 . Let the forces acting on subsystems S 1 and S 2 be equal to F 1 and F 2 , respectively. The total force experienced by the system S in the frame K represents the vector sum of F 1 and F 2 . We consider a special case, when at the moment t, F 1 = −F 2 , so that F = 0. One may assume that for an observer in any other inertial frame K , wherein K is moving at a constant velocity v, a resultant force F should vanish, too (this is causal rather than a relativistic requirement). We will check this assumption with further simplification of the problem, when the vectors v, u, F 1 and F 2 at the moment t of the frame K can lie only in two mutually orthogonal directions (see figure 1) .
First consider a situation where u and v are parallel to each other, while F 1 , F 2 are orthogonal to u, v ( figure 1(a) ). The straightforward calculations based on equation (2) yield
Furthermore we assume that the resultant force F in the frame K can be simply computed as a vector sum of F 1 and F 2 . This is possible in two cases: either the forces F 1 , F 2 do not depend on time, or two point-like subsystems occupy the same spatial point at the moment t (i.e., the cases where relativity of simultaneity of events in the frames K and K can be ignored). Summing up equations (6) and (7) we arrive at
Thus, in contrast to our expectation we found that in the frame K the total force exerted on the system S is not equal to zero. Successively analysing all other diagrams in figure 1 , a reader can check that for figure 1(b) (v u F 1 ) and figure 1(c) (v⊥u, v F 1 ) the force F = 0, whereas for figure 1(d) (v⊥u, u F 1 ) the total force again is not vanished:
The results obtained look suspicious with respect to causal requirements: for figures 1(a) and 1(d) the total force exerted on S is equal to zero in the inertial frame K, whereas it is not vanished in the inertial frame K . The same conclusion is immediately derived for acceleration a of the system S, as is recorded in K (a = 0) and in K (a = 0). However, as we stressed in [1] , the presence/absence of acceleration is the absolute fact. Thus we certainly face a paradoxical situation. In order to resolve this paradox we have to remember that subsystems S 1 and S 2 constitute a total system S, if and only if some common restrictions on their degrees of freedom exist. Such restrictions did not explicitly appear above. In order to clarify their role we continue the analysis of figures 1(a) and 1(d), reducing them to concrete physical problems. Figure 2 shows a problem, where the vector diagram of figure 1(a) is realized. Two oppositely charged particles are placed into a neutral insulating tube. The initial coordinates of the particles are equal to each other. At this moment the particle +q is at rest with respect to the tube, whereas the particle −q moves at a velocity u along the tube. The particle Q, resting in the laboratory frame K, is the source of an external EM field acting on the charges inside the tube. The tube is also at rest in the laboratory. One needs to compute the force exerted on the tube in the frame K and in an external inertial frame K , wherein the frame K moves at a constant velocity v along the axis x.
Realization of vector diagrams in figures 1(a) and 1(d): two point-like charged particles inside an isolated tube
The problem is immediately solved in the frame K. The resting particle Q creates only an electric field. Its component along the y-axis at the location of particles +q and −q can be denoted as E. Hence the force acting on the particles inside the tube has only the y-component F 1 = qE (for positive charge) and F 2 = −qE (for negative charge), if we neglect the polarization of the tube. Thus the total force exerted on the tube is equal to zero. Now we compute the force acting on the tube in the frame K . In this frame, the particle Q moves at a constant velocity v along the axis x. Its electric field along the y-axis is (see equation (1b))
and the magnetic field along the z-axis (equation (1f )) is
The Lorentz force Figure 2 . Two point-like charged particles +q and −q are placed inside the insulating tube with thin walls, where they are free to move along the x-axis without friction. The spatial coordinates of both particles are equal to each other at t = 0. The tube and external charged particle +Q are initially at rest in the laboratory frame K. The x-coordinates of particle +Q and particles +q, −q are equal to each other at the initial time moment. The particle −q has the initial velocity u along the axis x. We want to compute the force, acting on the tube, in the laboratory frame K (a) and in the external inertial frame K , wherein the frame K moves at a constant velocity v along the x-axis (b).
acts on each particle inside the tube, where u is the velocity of the particle for an observer in K . For a positive charge
and for a negative charge
Combining equations (10)- (14), we obtain for each charged particle
.
From there the resulting EM force acting on the tube in the frame K is
Note that equation (17) coincides with equation (8), when the force F 1 has only the nonvanished y-component F 1y = qE, like the problem in figure 2. Thus we reveal that no force acts on the tube in the laboratory frame K, whereas the non-vanishing EM force (17) exerts on the tube along the y-axis of the frame K . In order to Figure 3 . Two point-like charged particles +q and -q are placed inside the insulating tube, where they are free to move along the x-axis without friction. The spatial coordinates of both particles are equal to each other at t = 0. The tube and externally charged particle +Q initially rest in the laboratory frame K. The y-coordinates of particle +Q and particles +q, −q are equal to each other at the initial time moment. The particle −q has the initial velocity u along the x-axis. We want to compute the force, acting on the tube, in the laboratory frame K (a) and in the external inertial frame K , wherein the frame K moves at a constant velocity v along the y-axis in (b).
resolve this paradox, we emphasize that the charged particles +q and −q compose a unified system only due to the fact that they are placed inside the tube, which restricts their motion along the y-axis. Since the particles +q, −q experience the force along and opposite this axis, respectively, we have to take into account the mechanical stresses arising in the thin walls of the tube. Thus the mechanical stress-energy tensor T µν of the walls does not vanish, and it has a diagonal form in K. After transformation to the frame K , this tensor acquires non-vanished components T 0i (i = 1, . . . , 3) which are proportional to the momentum density. Hence, the time derivatives of T 0i determine an additional component of force exerted on the tube. The result of the calculations (which are omitted in the present paper) shows that this additional force component exactly compensates the force (17). Therefore, the total force acting on the tube is equal to zero in both K and K inertial frames, which resolves the paradox. We note that involving the mechanical stress-energy tensor simultaneously allows resolution of the paradox of section 4 in [1] . Thus we see that mechanical forces play an important role in maintaining a balance of forces for different inertial observers, when complex macro systems are analysed. Now consider the vector diagram of figure 1(d), which is realized for the problem in figure 3 . There are two differences from figure 2: (1) the y-coordinates of all charged particles are the same, and the electric force is collinear to the x-axis; (2) the laboratory frame K moves along the y-axis of the external inertial frame K . One is again required to find the force acting on the tube in the frames K and K . Since the particle Q is at rest in K, it creates only the electric field, which is equal to E x = E at the location of particles +q and -q. Hence, the resultant force F goes to zero.
In the frame K the particle Q produces the electric field along the x-axis
as well as the magnetic field along the z-axis
The force acting on the particles inside the tube is determined by equation (3) . The velocity of positive charge q has a single component along the y-axis
while the velocity of negative charge −q has the components
Substituting equations (19) and (18) into equation (3), we obtain
and
From there we derive the total force, acting on the system:
We see that the total EM force (20) is not vanished in the frame K , and it is collinear to the vector v. It corresponds to equation (9), when the force F 1 has only non-vanished x-component F 1x = qE. Thus, like in the previous problem, no force acts on the tube in the laboratory frame K, whereas an observer of the frame K finds the non-vanishing EM force (20) exerted on the tube along the y-axis. We again may assume that the non-vanished EM force should be compensated by the force component arising from the spacetime transformation of the mechanical stress-energy tensor of the tube's walls between the frames K and K . However, one can see that in the frame K the force F 1 is collinear to the axis of the tube and mechanical stresses in its walls do not appear (we imply that gravitation is absent). Hence it seems that only EM forces are relevant for this problem, and the tube actually has zero acceleration in the frame K and nonzero acceleration along the y-axis in the frame K . How do we resolve this paradox?
Transformation of an electromotive force for deforming circuits
It is known that an electromotive force (emf) in a closed circuit is defined as
where f is the force per unit charge. This definition indicates that a relativistic transformation of emf is directly related to transformation of force, and its analysis is warranted for inclusion into this paper. It is also known that the Faraday induction law
is valid for both fixed and deforming circuits , restricting the area S, and it is Lorentzinvariant [5] . Further on we explore the deforming circuits = (t), where their deformation is described by the velocity vector field u(r, t) with r ∈ . Such a deforming circuit can be considered as a complex system, consisting of an infinite set of subsystems, representing infinitely small segments dl(r) with the velocities u(r, t). Thus we obtain a full mathematical analogy between a deforming circuit and a complex mechanical system, and a transformation of emf between two inertial frames K and K again represents a multi-parametric transformation with a vector parameter v (with the relative velocity of K and K ) and an infinite number of parameters u(r, t). Simultaneously we emphasize an essential feature of Faraday's law transformation in comparison with many other relativistic problems. It is related to the physical interpretation of Lorentz transformations, suggested by Einstein in his fundamental paper [6] . Namely, if two inertial frames K and K are in relative motion, then each observer in his own rest frame uses his own measuring instruments to determine physical quantities in another frame. However, one can see that this is not the case for Faraday's law: as a rule, a measuring instrument for emf represents an inherent part of the moving circuit, and any inertial observer, regardless of his velocity with respect to the circuit, uses this instrument in his measurements. In principle, one can imagine that a moving observer operates with his own measuring instrument (voltmeter), included into a circuit by means of sliding contacts. However, in further analysis we omit these sorts of problems and explore the transformation properties of Faraday's law in a realistic case, where all observers use the same measuring instrument integrated into the circuit as its inherent part. Then only in the rest frame K of voltmeter an integration over is carried out at the same instant t, determining ε(t). It is not physically meaningful to integrate over the circuit at the fixed t for some arbitrary inertial frame K to find ε (t), because this value ('instantaneous emf') has no simple relation with an actual indication of the voltmeter. In order to find such a relationship, an integration time t should be connected with t by means of the Lorentz transformation (5) for t = const. Now v in equation (5) stands for the velocity of the voltmeter in the frame K . This rule was named by Cullwick [7] as a rule for computing retarded emf. It appears to be due to the above-mentioned fact: a measuring instrument (voltmeter) is common for all inertial observers, and just the retarded emf is directly related to its indication.
In general, for an arbitrary moving deforming circuit the emf cannot be computed analytically. At the same time, in some simple cases it can easily be done. Consider, for example, the problem in figure 4 . There is a rectangular closed circuit A-B-C-D-A, where the side AB slides along the sides BC and AD at a constant velocity v towards the side CD. We assume that the constant force f along the y-axis acts on unit charge at each point of the circuit. One needs to find an emf in the circuit for a laboratory observer K and for an observer in an inertial frame K , wherein the frame K moves at a constant velocity v along the x-axis.
Due to the constancy of f in K, the emf in the circuit A-B-C-D-A is equal to zero. The constancy of f also simplifies a transformation of emf from K to K , because in this case a retarded emf coincides with instantaneous emf in the frame K . Furthermore we consider a circuit as a complex system consisting of two electrically connected subsystems: the fragment B-C-D-A resting in the laboratory, and the moving segment A-B. One can see that this situation corresponds to figure 1(a) (v u⊥f ) . Omitting particular calculations we present a final result: the emf in the frame K is determined as
where L is the proper length of the segment A-B. Thus in the frame K ε = 0, while in the frame K ε is determined by equation (23). This discrepancy obviously contradicts the causality principle, because the presence of emf in a closed electric circuit can be directly associated with the production of heat. A resolution of this paradox seems to be non-trivial (or, contrarily, quite trivial, it is a matter of perception): it is impossible to realize in nature a deforming closed conductive circuit with a constant non-vanished force per unit charge. Consider, for example, a physical counterpart of the problem in figure 4 : a deforming rectangular electric circuit A-B-C-D-A is located inside a parallel plate charged capacitor (see figure 5 ). If we assume (for a moment) that in the rest frame K of capacitor f = eE along the y-axis, then in the frame K we indeed obtain the non-vanished emf (23). Moreover, this result agrees with the Lorentz invariance of flux rule. Indeed, the observer in K reveals a magnetic field (see equation (1f ) is equal to equation (23) with the opposite sign (here S ABCD is the area of the circuit). However, this result (the appearance of emf in the frame K ) is not valid, because the original expression f = eE was incorrect. Due to re-distribution of conduction electrons over the circuit A-B-C-D-A in an external electric field, the field does not penetrate inside the conductor, where E = 0. Hence f = 0, too, and the emf remains equal to zero in both K and K frames. It is also impossible to find a configuration of magnetic fields realizing the constancy of f = 0 for deforming circuits. Thus no paradox appears. Therefore, we have to recognize that the condition adopted by us, f = const along a deforming conductive circuit, belongs to the same phenomena forbidden by nature, like faster than light signals. At the same time, nature's prohibition on informative superluminal signals is included into the fundamental restrictions on metric tensor g [3] : g 00 > 0, g ij dx i dx j < 0 (we assume the signature (+ ---)), whereas we still cannot formulate similar fundamental restrictions on the mentioned condition f = const. It is worth noting that the problem in figure 5 as viewed from the frame K indicates a formal violation of the flux rule: the emf ε in the circuit A-B-C-D-A is equal to zero, but the time derivative of magnetic flux across the area ABCD is not vanished and is defined by equation (23) with the opposite sign. It is known that the flux rule is not a fundamental law, and some exceptions to this rule have been reported (see, e.g., [8] ). However, we have revealed the exception is related not to material structure of circuits, but rather to relativistic transformation of the EM field, that was not classified before. Now we want to demonstrate another violation of the flux rule, which results not only from relativistic transformation of EM fields, but also from relativity of simultaneity of events.
Consider the problem in figure 6 , where one of the sides of a rigid rectangular closed circuit is located inside a parallel plate charged capacitor C. The sides AB and CD pass the lower plate of C across tiny holes O and O , respectively, which do not distort the inner electric field. We also assume that the points O and O are far enough from the boundary of the capacitor. The whole circuit and the upper (negative) plate of C rest in the inertial frame K, while the lower (positive) plate moves along the y-axis at a constant velocity u. A motion of this plate along the lines of electric field E does not change EM fields inside the capacitor (see equation (1a)), and the emf in the circuit A-B-C-D-A is equal to zero for an observer in K. We want to compute the emf in this circuit for an observer in another inertial frame K , wherein the frame K moves at a constant velocity v along the x-axis.
First of all, let us show that in the frame K the magnetic flux across the area ABCD does vary with time. The magnetic field in K is defined by equation (24), and the magnetic flux is
(L = L/γ being the length of A-D and B-C, and u = u/γ the velocity of lower plate in K ), we obtain from equations (24) and (25):
which certainly is not zero. Now let us show that the retarded emf ε = 0, as it should according to the causal requirements. For further convenience, we present the emf in the frame K as the sum:
We point out that the integrals C−B f · dl , A−D f · dl are not vanished due to the induced electric field E ind = −∂A /∂t along the x-axis. Here A is the vector potential in K , which is related to the scalar potential ϕ in K via the Lorentz transformation. A total scalar potential represents the sum
where the indexes '+' and '-' refer to positively and negatively charged plates of C, respectively. Applying the Lorentz transformation for the 4-vector (ϕ, A), we get the vector potential in the frame K : 
where we have used the equalities E y+ (r) = −∂ϕ + /∂y (the y-component of the electric field of the lower plate), and dy/dt = u/γ . On the side B-C, E y+ (r) = E/2 (half of the total electric field), while on the side A-D the field has the opposite sign: E y+ (r) = −E/2. Substitution of the latter equalities into equation (28) Further we adopt that both conductive plates of the capacitor are connected to the power supply U, which maintains constant potential difference between the plates regardless of the distance h between them 3 . Hence
at any moment of time. Combining equations (34) and (33), we get
in accordance with the flux rule (equation (26)).
Thus we obtain that in the inertial reference frame K the emf in the circuit A-B-C-D-A of figure 7 is determined by equation (35), whereas in the frame K the emf in the same circuit is equal to zero. Obviously this result is at odds with the causal requirement (the emf should be zero simultaneously in all inertial reference frames). How do we resolve this paradox?
